Abstract. The radiative transfer equation (RTE) occurs in a wide variety of applications. In this paper, we study discrete-ordinate discontinuous Galerkin methods for solving the RTE. The numerical methods are formed in two steps. In the first step, the discrete ordinate technique is applied to discretize the integral operator for the angular variable, resulting in a semi-discrete hyperbolic system. In the second step, the spatial discontinuous Galerkin method is applied to discretize the semi-discrete system. A stability and error analysis is performed on the numerical methods. Some numerical examples are included to demonstrate the convergence behavior of the methods.
1. Introduction. Radiative transfer theory describes the interaction of radiation with scattering and absorbing media, which has wide applications in such areas as neutron transport, heat transfer, stellar atmospheres, optical molecular imaging, infrared and visible light in space and the atmosphere and so on. We refer to [2, 7, 19, 27, 28, 31, 32] and references therein for details about this subject. In stationary one-velocity case, the photon (neutron) intensity, a function of three space variables x and two angular variables ω, is governed mathematically by the radiative transfer equation (RTE) (cf. [2, 25] ): computational requirements. A number of discrete ordinate methods combined with Chebyshev spectral methods were introduced in [4, 17, 23] for solving RTE in regular space domains; in [12] , a spatial multigrid algorithm was presented for isotropic neutron transport in x-y geometry, where the linear system to be solved is obtained using discrete ordinates in angle and corner balance finite differencing in space.
Since RTE is essentially a hyperbolic type system, it is natural to solve the problem by the discrete ordinate method combined with the discontinuous Galerkin (DG) discretization in space. We call the resulting methods discrete-ordinate discontinuous Galerkin (discrete-ordinate DG) methods. Here we briefly review some advances of DG methods related to our problem under consideration. In 1973, Reed and Hill introduced in [29] the first DG method for linear hyperbolic problems (the neutron transport equation without scattering term), and the error analysis of the method was established thoroughly in [22, 24] . A comprehensive introduction of DG methods was given in [15] for computational fluid dynamics. A general framework was presented in [14] for constructing DG methods based on the discrete stability identities, from which one can derive many efficient DG methods for a large number of partial differential equations (systems) in a unified way. The stabilization mechanism frequently used in DG methods was revealed in [9] , and the theory is also applied to discuss DG methods for linear hyperbolic problems. In addition, a complete study about the latter problem was given in [10] and some optimal error estimates in certain discrete norm were obtained there too. In [26] , a DG method was proposed for solving the 1-D spherical neutron transport equation without scattering term. DG methods have also been applied successfully to solve elliptic problems (cf. [3] ) and many other mathematical physical problems (cf. [16] ).
To derive our discrete-ordinate DG methods, we first replace the scattering term (integral term) in RTE by certain quadrature sum, and only require that the resulting equations are valid at all angular directions corresponding to the numerical integration nodes, resulting in a linear first-order hyperbolic system. Then, following [9, 10, 15] , we further discretize this system by DG methods to get some fully discrete methods for solving RTE in any geometric shape domains in space. As in [9, 10] , we also consider the DG methods for which a certain stabilization term is added for penalizing the jump of the solution across interior faces of the triangulation, in order to get numerical solutions with physical sense in practical applications. For error analysis of our methods, we first give a simple abstract lemma for error estimates of general DG methods, which is similar to the second Strang lemma in error analysis of nonconforming element methods (cf. [13] ). Then, we establish some stability estimates for our methods in certain discrete norm, which, in conjunction with the previous lemma and some careful estimates involving certain L 2 -orthogonal projection operator, leads to some error estimates between the semi-discrete solution and the numerical solutions. Using an error formula for the numerical quadrature on the unit sphere (cf. [21] ) and the energy integration method, we obtain an error bound between the exact solution and the semi-discrete solution in the L 2 -norm. These estimates together give rise to error estimates between the exact solution and our numerical solutions in the L 2 -norm. Numerical results from several examples are provided to illustrate computational performance of the methods proposed here.
We end this section by introducing some notation frequently used later on. Throughout this paper, we will use the standard notation for Sobolev spaces together with their norms and seminorms (cf. [1, 6, 8] 
, where ∇ stands for the gradient operator with respect to the x variable. Moreover, for any two real quantities a and b, the symbol a b abbreviates a ≤ C b, with C a positive constant independent of the finite element mesh size, which may take different values at different appearances.
2. The radiative transfer equation. Let X be a domain in R 3 with a Lipschitz boundary ∂X. Note that the unit outward normal n(x) exists a.e. on ∂X. Denote by Ω the unit sphere in R 3 . For each fixed direction ω ∈ Ω, introduce a new Cartesian coordinate system (z 1 , z 2 , s) by the relations
where (ω, ω 1 , ω 2 ) is an orthonormal basis of R 3 , z 1 , z 2 , s ∈ R. With respect to this new coordinate system, we denote by X ω the projection of X on the plane s = 0 in R 3 , and by X ω,z (z ∈ X ω ) the intersection of the straight line {z + sω; s ∈ R} with X. We assume that the domain X is such that for any (ω, z) with z ∈ X ω , X ω,z is the union of a finite number of line segments:
Here s i,± = s i,± (ω, z) depend on ω and z, and x i,± := z + s i,± ω are the intersection points of the line {z + sω; s ∈ R} with ∂X. We further assume sup ω,z N (ω, z) < ∞, known as a generalized convexity condition. As an example, for a convex domain X, sup ω,z N (ω, z) = 1. We then introduce the following subsets of ∂X:
It can be shown that if n(x i,− ) exists with x i,− = z + s i,− ω, then n(x i,− )·ω ≤ 0; if x ∈ ∂X and n(x)·ω < 0, then x ∈ ∂X ω,− . Likewise, if n(x i,+ ) exists with x i,+ = z + s i,+ ω, then n(x i,+ )·ω ≥ 0; if x ∈ ∂X and n(x)·ω > 0, then x ∈ ∂X ω,+ . Now, define
for the incoming and outgoing boundaries. Both are subsets of Γ = ∂X × Ω. Denote by dσ(ω) the infinitesimal area element on the unit sphere Ω. If we introduce the spherical coordinate system by (2.1) ω = (sin θ cos ψ, sin θ sin ψ, cos θ)
then dσ(ω) = sin θ dθ dψ. We will need an integral operator S defined by
with g a nonnegative normalized phase function:
In most applications, the function g is independent of x. One well-known example is the Henyey-Greenstein phase function (cf. [20] )
where the parameter η ∈ (−1, 1) is the anisotropy factor of the scattering medium. Note that η = 0 for isotropic scattering, η > 0 for forward scattering, and η < 0 for backward scattering.
With the above notation, a boundary value problem of the RTE reads (cf. [2, 25] )
Here σ t = σ a +σ s , σ a is the macroscopic absorption cross section, σ s is the macroscopic scattering cross section, and f is a source function. We assume these given functions satisfy
and is a continuous function with respect to ω ∈ Ω. (2.8)
These assumptions are naturally valid in applications; the last part of (2.7) means that the absorption effect is not negligible. The homogeneous boundary condition (2.6) corresponds to a vacuum setting around X. It is equally well to consider a general incoming flux boundary condition u(x, ω) = u in (x, ω) on Γ − with a given function u in .
It is shown in [2] that the problem (2.5)-(2.6) has a unique solution u ∈ H 1 2 (X×Ω), where
with ω·∇v denoting the generalized directional derivative of v in the direction ω (cf. [2] ).
3. Discrete-ordinate discontinuous Galerkin methods. In order to define our discrete-ordinate DG methods for the problem (2.5)-(2.6), we first approximate the integration term Su appearing in (2.5) by certain quadrature. We write the numerical quadrature to be used in the form:
where F is a continuous function over the unit sphere Ω. One family of quadratures is given by the product numerical integration formulas (cf. [5, 30] ), e.g., for a positive integer m, with L = 2m 2 , 
With the above choice of node points and weights, the numerical quadrature (3.2) integrates exactly any polynomial F (x) of a total degree no more than 2m − 1. A popular choice of quadratures in relevant engineering literature is the {S N } family that has prescribed geometric symmetry for the set of the quadrature nodes on the unit sphere and we refer to [11, 25] for details along this line. Our error analysis of the discrete-ordinate DG methods work for general quadratures of the form given in (3.1). Then the integral operator S can be approximated by a discretized operator S d given by
Regarding the accuracy of the quadrature (3.1), we will write n for the degree of precision of the quadrature, i.e., the quadrature integrates exactly all spherical polynomials (cf. [18] ) of total degree no more than n and does not integrate exactly some spherical polynomial of total degree n + 1. Then by [21, Corollary 6],
Here H s (Ω) is the Sobolev space of order s over Ω (cf. [18] ), and c s is a universal constant depending only on s.
Associated with the numerical quadrature (3.1), define
and make the following assumption:
This assumption will be needed in our error analysis in Section 4. Note that the summation
Thus, m(x) is close to 1 if the numerical quadrature has certain degree of precision, at least when the function ω → g(x,ω·ω) is in H s (Ω) with some s > 1, for any x ∈ X andω ∈ Ω. Hence, under the assumption (2.7), (3.6) is not a very restrictive condition. For the Henyey-Greenstein phase function (2.4), we actually have
Some numerical values of the function m are given at the beginning of Section 5. Using the quadrature (3.3), we can discretize the equation (2.5) in angular direction to get
where
Here and below, we use the simplified notation ∂X
The system (3.7) is a first-order hyperbolic problem in space, which will be further discretized by the DG method, following [9, 10, 15] . For ease of presentation, we assume X is a polyhedron. Let {T h } h>0 be a regular family of triangulations of X into tetrahedral elements (cf. [6, 8, 13] ); h K := diam(K) and h := max K∈T h h K . Denote by n K the unit outward normal to ∂K for K ∈ T h . Let E i h be the set of all interior faces of T h . Moreover, with each e ∈ E i h we associate a unit normal direction n e . Associated with the triangulation T h , define a finite element space by
where k is a nonnegative integer and P k (K) denotes the set of all polynomials on K of a total degree no more than k.
and write a generic element in
Multiply the first equation of (3.7) by an arbitrary function v K ∈ P k (K) and integrate over K:
which can be reformulated as
after an integration by parts. We then define the numerical solution
Here, the numerical traceû l h is defined by the formula
The global formulation of the discrete method (3.9) can be expressed as
Then, the discrete-ordinate DG method (3.11) (or equivalently, (3.9)) can be recast as follows.
Find u h ∈ V h such that (3.14) a
(1)
As pointed out in [9, 10] , when solving hyperbolic problems by DG methods, it is preferable to add some stabilization terms in the DG scheme to penalize the jump of the solution across interior faces of the triangulation, in order to avoid nonphysical oscillations in the numerical solution due to discontinuities in the data. For this purpose, we need some additional notation. For an interior face e ∈ E i h , let K + and K − be two adjacent tetrahedrons sharing e, with the unit direction n e given before pointing from
. Now, we can define the following discrete-ordinate DG method with stabilization:
Find u h ∈ V h such that
with a
h (·, ·) given by (3.12) and c p > 0 a penalty parameter. As we will see from Lemma 4.4 in Section 4, the bilinear form a (2) (·, ·) has a stronger stability property than a
(1) (·, ·). In Section 5, we will see some numerical results for the influence of the value of c p on the solution accuracy.
4. Error analysis. We first give a simple but useful lemma for error analysis of the numerical methods, which is similar to the second Strang lemma in error analysis of nonconforming element methods (cf. [13] ).
Lemma 4.1. Let {W h } h>0 be a family of finite dimensional spaces equipped with norms { · h } h>0 . Let b h (·, ·) be a uniformly coercive bilinear form over W h , i.e., there exists a positive constant α independent of h such that
Proof. For any w h ∈ W h , it follows from the triangle inequality that
From (4.1) and (4.2) we find
which implies, for w h = v h ,
This, together with (4.4), leads to the estimate (4.3).
Then by the scaling argument and the trace theorem we can easily obtain the following result (cf. [6, 8, 13] ).
Lemma 4.2. For all v ∈ H r (K) with r > 0 and K ∈ T h ,
We will need the following result on several occasions.
Proof. Denote the left side of the inequality by I. Interchanging the order of summation and using the Cauchy-Schwarz inequality, we find
By the definition (3.5), it is easy to know
Therefore, a combination of estimate (4.5) and the Cauchy-Schwarz inequality leads to
, as desired. To derive stability bounds for the methods (3.14) and (3.15), we define norms ||| · ||| (1) h and ||| · ||| (2) h over V h by
for all v ∈ V h . These norms can be applied to any
for which all the right side terms make sense. We have the following stability estimates.
Lemma 4.4 (Stability). Under the assumption (3.6),
Proof. It suffices to prove the first estimate in (4.8), since the second estimate follows directly from the first one and the definition (4.7). For any v h = {v l h } ∈ V h , we have by the definition (3.12) that (4.9) a
It follows from Lemma 4.3 and (3.6) that
For a lower bound of I 1 , we first perform an integration by parts to obtain
Due to the choice ofv l h , (3.10), we know thatv
. Therefore, multiplying by w l in the above equation and then summing over all K ∈ T h and 1 ≤ l ≤ L, we find
The first estimate of (4.8) follows from (4.9)-(4.11).
The following result is a direct consequence of the above lemma. Theorem 4.5. Under the assumption (3.6), both discrete-ordinate DG methods (3.14) and (3.15) have a unique solution. Now, we are ready to give error estimates for the methods (3.14) and (3.15) . For this purpose, we make a regularity assumption:
Theorem 4.6. Under the assumptions (3.6) and (4.12), the discrete-ordinate DG method (3.14) admits the following error estimate
Proof. By (3.8) and the definitions (3.12)-(3.13), we have
Subtract (3.14) from the above equality to obtain the Galerkin orthogonality
Therefore, it follows from the first estimate of (4.8) and Lemma 4.1 that
where P h denotes the L 2 -orthogonal operator onto V h in an elementwise way, i.e., for
By Lemma 4.2 and the definition of ||| · |||
h , we know
i.e., (4.14)
On the other hand, by the definition of a h (·, ·), we have
For each l between 1 and L, denote by E l,+ h the set of all faces of T h on ∂X l + . Using the Cauchy-Schwarz inequality and Lemma 4.2, we have
h .
From Lemma 4.2, Lemma 4.3, and the Cauchy-Schwarz inequality, it follows that
This, together with (4.13)-(4.16), leads to the stated error estimate. Applying a similar argument as in the proof of the above theorem, we can also derive an error estimate for the method (3.15).
Theorem 4.7. Under the assumptions (3.6) and (4.12), the discrete-ordinate DG method (3.15) admits the following error estimate
. Now, we proceed with bounding the errors ε l (x) := u(x, ω l ) − u l (x), 1 ≤ l ≤ L, arising from the semi-discretization (3.7). First, it follows from (2.5) and (3.7) that, for all 1 ≤ l ≤ L,
Multiplying (4.17) by w l ε l , integrating over X, and summing over 1 ≤ l ≤ L, we have by the Stokes theorem that
Applying to the above equation an argument similar to that leading to (4.10), we obtain
Then apply the Cauchy-Schwarz inequality to obtain
Note that for the Henyey-Greenstein phase function, the above assumption on g is satisfied for any r > 1. Then, applying (3.4),
where c(r ) is a positive constant depending only on r . Collecting the last two estimates gives This combined with Theorems 4.6 and 4.7 leads to the following result, for bounds on the error
Corollary 4.8. Let n be the degree of precision of the numerical quadrature (3.1). Assume (3.6), (4.12), and (4.20). Then for the discrete-ordinate DG method (3.14), we have
, and for the discrete-ordinate DG method (3.15),
Numerical results.
We first return to the assumption (3.6). Recalling the normalization condition (2.3), we expect that as long as the numerical quadrature (3.2) is sufficiently accurate, the quantity m(x) defined in (3.5) will be close to 1, and then the assumption (3.6) will follow from the condition (2.7). As an example, for the Henyey-Greenstein phase function, consider using the S N quadratures for the numerical integration (cf. [11] ). Note that m = m(x) does not depend on x. Due to the symmetry of the S N quadratures, it is easy to see that for any η ∈ (−1, 1), the value of m corresponding to η equals that corresponding to −η. Also, note that m = 1 for η = 0. In Table 5 We then present several numerical examples in solving the boundary value problem (2.5)-(2.6). The main purpose is to illustrate the performance of the proposed methods, especially on numerical convergence orders. For the angular variable ω, we will write both ω = (ω 1 , ω 2 , ω 3 )
T and ω = (sin θ cos ψ, sin θ sin ψ, cos θ) T , and for the spatial variable, x = (x 1 , x 2 , x 3 )
T . We use the Henyey-Greenstein phase function defined in (2.4) with constant cross sections σ t (x) = σ t and σ s (x) = σ s . We will report numerical values of the error |||u − u h ||| h , defined by (4.6) for c p = 0 and by (4.7) for c p > 0, as well as the error u − u h h defined in (4.21).
The spatial domain is X = (0, 1)
3 . For a positive integer n, we partition X into n 3 subcubes {X i }, each with edge length 1/n. Denote by S the set of all the centers and vertices of the subcubes. A mesh is generated by creating the Delaunay tesselation of the points in S. This is accomplished by using delaunay3 algorithm in MATLAB. The option 'QJ' is passed to delaunay3 to ensure no hanging nodes are created. Denote by h the maximum length of the edges of the tetrahedron in the mesh; h = √ 2/n. A sample mesh (for n = 1) is shown in Figure 5 Consider a problem with the right hand side function The corresponding right hand side function is f (x, ω) = 10 (σ t ω 3 − ησ s cos θ) sin(πx 1 ) sin(πx 2 ) sin(πx 3 ) + 10πω 2 3 sin(πx 1 ) sin(πx 2 ) cos(πx 3 ) + 10πω 2 ω 3 sin(πx 1 ) cos(πx 2 ) sin(πx 3 ) + 10πω 1 ω 3 cos(πx 1 ) sin(πx 2 ) sin(πx 3 ).
We take σ t = 3 and σ s = 1 in the numerical calculations.
For η = 0.1, numerical results with the S 4 quadrature are reported in Tables 5.6 2 In the above numerical examples, the true solutions are smooth so that the regularity conditions (4.12) and (4.20) hold for any r and r . Since linear elements are used, the theoretical results from Theorems 4.6 and 4.7 predict the convergence order for the numerical solution of the semi-discrete system (3.7), measured in the norm ||| · ||| h , is 1.5. We observe that in all the examples, numerically it is evident |||u − u h ||| h = O(h 1.5 ). Also, as long as the numerical integration on the sphere is done accurate enough, numerically it is evident u − u h h = O(h 2 ). 6. Discussions and conclusions. The radiative transfer equation (RTE) appears in a wide variety of applications. It is a serious challenge to solve the RTE accurately due to the high dimension of the independent variables. In this paper, we develop discrete-ordinate DG methods for solving the RTE. The discrete ordinate technique is applied to discretize the integration over the unit sphere, and discontinuous Galerkin discretization is used for the spatial differentiation. For the numerical methods, with or without a stabilization term, we show rigorously the stability property and unique solvability of the discrete systems. Under suitable solution regularity assumptions, we derive error estimates for the numerical solutions. Results from several numerical examples illustrate the good convergence behavior of the methods. When the penalty parameter is chosen properly, the method with the stabilization term provides more accurate numerical results.
While the investigations of some basic aspects of the discrete-ordinate DG methods in this paper indicate the methods are promising in solving the RTE, much remains to be done in the future, e.g., the optimal or near-optimal choice of the penalty parameter in the formulation, a posteriori error estimation and adaptive algorithms for simultaneous spatial mesh refinement and proper selection of numerical quadratures on the unit sphere, effective parallel implementation of the algorithms, applications in solving RTE based inverse problems that arise in physical and biological sciences. 
